1 The Padé approximant for 2 F 1 (a, 1; c; z) when m ≥ n − 1.
The Gauss hypergeometric function, or 2 F 1 , is defined by
where the parameters a, b, c and z may be real or complex and
is Pochhammer's symbol. When a = −n is a negative integer, the series terminates and reduces to a polynomial of degree n.
The [m/n] Padé approximant for a formal power series
is a rational function P mn (z)/Q mn (z) of type (m, n) such that f (z)Q mn (z) − P mn (z) = 0(z m+n+1 ) as z → 0.
(1.1)
The [m/n] Padé approximants for f can be arranged to form the Padé table of f (cf. [2] ). A Padé approximant is normal if it occurs only once in the Padé table and the Padé table is normal if each entry in the table is normal. The following results have been proved for the Padé approximants for 2 F 1 (a, 1; c; z).
Theorem 1 (cf. [4] , Corollary 6.1) The Padé table for the hypergeometric series 2 F 1 (a, 1; c; z) with c > a > 0 is normal.
Theorem 2 (cf. [6] , p. 389, [2] , [9] ) Let c / ∈ Z − and let m ≥ n−1. Then the denominator polynomial in the [m/n] Padé approximant P mn (z)/Q mn (z) for 2 F 1 (a, 1; c; z) is given by
where
Theorem 3 (cf. [9] , Theorem 6.2) If a, c, c − a / ∈ Z − , the Padé approximants for 2 F 1 (a, 1; c; z) are normal for m ≥ n − 1.
The numerator polynomial P mn (z) is determined by (1.1) since Q mn (z) is known. Clearly, P mn (z) is the polynomial we obtain from the first (m + 1) terms in the product
P mn (z) is not, in general, a 2 F 1 hypergeometric polynomial. For example, an elementary calculation shows that for a = 2, c = 6, m = 3 and n = 4,
which is not equal to 2 F 1 (−3, α; β; z) for any α, β. Taking a diagonal entry from the Padé table, for instance, letting a = 3.2, c = 5.44, m = 3 and n = 3 results in
The location and behavior of the zeros and poles of Padé approximants for various special functions, as well as the asymptotic zero and pole distribution, has been studied by many authors, most notably E. Saff and R. Varga (cf. [8] ). We shall use the Rodrigues' formula for 2 F 1 (−n, b; d; z) to establish the location of the zeros of Q mn (z) in various cases. In the case when the Padé table of 2 F 1 (a, 1; c; z) is normal, ie c > a > 0, we will show that the poles of the approximant lie in the interval (1, ∞).
The convergence of different types of sequences in the Padé table has been studied extensively. In [7] , O. Perron studies convergence in the Padé table for the exponential function and M.G. de Bruin [3] shows that the convergence behavior in the Padé table for 1 F 1 (1; c; z) with c / ∈ Z − is similar to that of e z .
Using the explicit form of the remainder R mn (z) given in (1.3), we show that the sequence of Padé approximants for 2 F 1 (a, 1; c; z), m ≥ n − 1 converges to 2 F 1 (a, 1; c; z) as m → ∞, n/m → ρ with 0 < ρ ≤ 1 on compact subsets of |z| < 1 for c > a > 0.
Let g l (z) be an arbitrary polynomial of degree l < n. Then
Integrating the right hand side of (2.5) by parts n times, each time differentiating g l (z) and integrating the expression in curly brackets, we obtain (ii) For b < 1 − n and d < b + 1 − n, all n zeros of F are real and simple and lie in (1, ∞).
(iii) For b < 1 − n and d > 0, all zeros of F are real and simple and lie in (−∞, 0).
Proof.
(i) Putting p = 0 and q = 1 in (2.5) and using (2.6), we have
does not change sign in (0, 1), so from (2.7) with l = 0, we know that F (z) changes sign at least once in (0, 1). Let z 1 , . . . , z l be the zeros of F in (0, 1) of odd multiplicity. If l < n we can let
and obtain a contradiction from (2.7) since F (z)g l (z) does not change sign in (0, 1). Therefore l = n and F (z) has n zeros of odd multiplicity in (0, 1) and the result follows.
(ii) Putting p = 1 and q = ∞ in (2.5) and using (2.6), we see that for b < 1 − n and d < b + 1 − n,
A similar argument to that used in (i) completes the proof. Note that
(iii) Putting p = −∞ and q = 0 in (2.5) and using (2.6), we have that if
Remark: The results proved in Theorem 4 were known to Klein [5] but his proofs are somewhat less transparent than the simple use of Rodrigues' formula.
Corollary 5 For c /
∈ Z − and m ≥ n − 1, the poles of the [m/n] Padé approximant for 2 F 1 (a, 1; c; z) lie in the intervals table for 2 F 1 (a, 1; c; z).
In this section we prove convergence results for the Padé approximants of 2 F 1 (a, 1; c; z).
Lemma 6
For m ≥ n − 1 and c > a > 0 we have that
tends to zero uniformly in z as m → ∞, n/m → ρ with 0 < ρ ≤ 1 on compact subsets of |z| < 1.
Proof. For c > a > 0 we have
For c − a − 1 > 0, the series on the right converges at z = 1 and we have for |z| < 1 (cf. [1] , Theorem 2.2.2, p. 66),
Then for m ≥ n − 1 , c − 1 > a > 0 and |z| < 1 we have the estimate from (1.3) , (1.4) and (3.9) ∈ Z − and m ≥ n − 1. The sequence of Padé approximants P mn (z)/Q mn (z) converges to 2 F 1 (a, 1; c; z) for m → ∞, n/m → ρ with 0 < ρ ≤ 1, uniformly in z on compact subsets of the unit disc |z| < 1 for c > a > 0.
Proof. We know from Corollary 5 that all the zeros of Q mn (z) lie on the cut (1, ∞) for c > a > 0, m ≥ n − 1. Therefore we can divide the result of Lemma 6 by Q mn (z) since |Q mn (z)| > 0 for all z in the unit disc.2
